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0. INTRODUCTION 
LET A denote the annulus S’ x [0, l] and B = R x [0, l] its universal cover and let T: B+B 
be defined by T(x, y) = (x + 27r, y). 
Let h: B+B be an orientation and boundary component preserving homeomorphism 
such that its fixed point set, Fix h, lies in the interior of B. We also assume h is equivariant, 
i.e. hT= Th and denote by & A+A the induced homeomorphism. 
If X is an invariant subset of B (i.e. h(X) = X) which contains a boundary component 8 of 
B and FEX is a fixed point of h, we write “F N 8 for h 1 X” if F is Nielsen equivalent o 8 in X, 
i.e. if in X there exists a compact arc tl from’a point of a to F such that a and h(a) are 
homotopic in X, keeping F fixed and the other endpoints in 3 otherwise, we write “F + 8 for 
hlX”. 
Let F be an isolated fixed point satisfying the two properties: 
(i) There exists a simple continuous curvef: [0, oo)-+B such that f(O)= F and, setting 
W=f (CO, co)), h( W) = W, i.e. W is invariant under h. 
(ii) In B - F there exists an arc /? from a point of 8 to a point P of W such that, if w is the 
subarc of W between P and h(P), then the arc B u w u [h(/3)]-’ is not homotopic to 0 in 
II, (B - F, d) (see Fig. 1). 
Here (ii) is our “with rotation” condition. It appears naturally as follows: if h is C’ and F 
is as above and also a hyperbolic fixed point of index 1, then F is “with rotation” with 
respect to the iterated homeomorphism h2 (see Remark to Definition 1.1 below). 
We prove a new type of fixed point theorem (Theorem I, below) of which the following is 
a corollary: 
THEOREM II (see §4). Assume in A there exists a simple arc 5 joining the two boundary 
components such that h n @)= 4. 
Let F=g(F)={F’EFixh-FIF’+a for hJB-F). 
If F is with rotation and /i is topologically transitive, then 4 # 4. 
-_ _- 
a 
h(/9) a 
Fig. 1. 
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More generally, if we add the condition that h, be the identity map, where h, is the map 
on l-I,@-F-9, a) induced by h, then F+ 8 for hlB-5. 
The following simple example shows that the hypothesis “his topologically transitive” is 
necessary: 
Let D denote the unit 2-disk and let cp: D+D be given by (r, +(r2, 0) and let A, be a 
thin annulus inside D surrounding the origin F such that cp(A,) A A, = 4. Let m: A,+&, be 
a complete Moser Twist (r, 19)+(r, e+a(r)) where 01: [a, b]+[O, 2x1 is a homeomorphism 
and extend it to all of D as the identity outside of A,( = a 5 r I b). Let h,: D +D be defined by 
cp m and implant these disks in the equivariant flow of B as shown in Fig. 2. 
Now h: B+B and F satisfy all the requirements of Theorem II and 9 = 4. 
a 
Fig. 2. 
However this example, although showing that Theorem II is indeed a new type of fixed 
point theorem, is somewhat naive and unsatisfactory. 
In fact we believe the 
CONJECTURE. There exists a C’ area-preserving h,: B-+B satisfying the hypothesis of 
Theorem II where F is an isolated hyperbolic fixed point of index -1 and W is a branch of the 
stable (or unstable) curve at F and 9 = 4. 
COROLLARY of the conjecture. Any (not necessarily area preserving) C’E A+A which is 
sufbciently Cl-close to &,: A+A cannot be topologically transitive. 
Indeed the hypothesis of Theorem II and the condition 9 = 4 are stable with respect o 
C’ perturbations. 
In particular it would follow, that the C’ Oxtoby-Ulam Theorem (see [7, $181) is false 
for all t-2 1, thus answering a fundamental question of Kolmogorov [4,§3] completely. 
Now this can be shown only for r > 3 using Kolmogorov-Arnol’d-Moser Theory, whose 
deep analytical methods are now known to break down for r < 3. (See [2], [5], [6] for the 
history and mathematical-philosophical relevance of KAM Theory.) 
Our method is entirely elementary and purely topological; no differentiability or 
measure preserving assumptions are needed: when we use the C’ condition in the above 
hypothetical Corollary it is only to insure the mere topological existence of the curve W. 
41. STATEMENT OF THE MAIN FIXED POINT THEOREM 
Let S be any connected, orientable surface, which has a non-compact boundary compo- 
nent, which we denote by a. 
Let h: S+S be an orientation preserving homeomorphism which takes 8 onto itself. 
Let F be an isolated fixed point of h lying in the interior of S. 
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DEFINITION 1.1. We say F is afixed point with rotation ifthefollowing two properties hold: 
(i) There exists an injective continuous mapf: [O, co]+S such thatf(0) = F and, setting 
W= W(F)=f( [O, a)), W is invariant under h, i.e. h(W)= W. 
(ii) In S-F there exists a compact arc fi from 8 to a point P of W such that, if w is the 
part of W between P and h(P), then the arc /I u w u [h(B)]-’ is homotopic to 0 in II,(S, a) 
but not in II1(S-F, a). 
In Particular, we have F -8 for h: S+S. 
Remark. (ii) is our rotation condition. It is inspired by that (in the C’ area preserving 
case) of an isolated hyperbolic fixed point F “with reflection” (see [2]): the hyperbolic fixed 
points where the eigenvalues of the jacobian matrix at F satisfy 1, < - 1.~1, ~0; here h 
interchanges the two branches of the curves W”; W”. These hyperbolic points can also be 
characterized as the hyperbolic points of index 1 (see [2, App. 271). 
If F is with reflection and F N 8 for h: S+S then it follows easily from Proposition 2.7 
and Lemma 3.1, that F is with rotation with respect o h2= hh: S-S. 
Let 9=9(F)={F’EFixh_FIF’-F for h: S+S but F’+ 8 for hlS-F}. 
Let lp denote the closure of W= W(P) in S; 
THEOREM I. Assume h induces the identity on lI,(S - F, a). 
If F is with rotation and 
(i) m is nowhere dense in S 
(ii) lV does not separate S, i.e. S- @ is connected and 
(iii) mn d = 4, then 9 Z&J. More generally, if h induces the identity on 
lI,(S-F-9, a), then F+ ~3 for hlS-9. 
Remarks. The conditions on Ware necessary (see the example in $0); furthermore, S is 
not required to be compact, nor need h be the lifting of a map of a compact surface (as in 
Theorem II). Hence Theorem I seems to be a new type,of Fixed Point Theorem, where the 
topological behaviour of the invariant curve W forces the existence of certain types of fixed 
points. 
Theorem I also holds, if instead of 8, we use a fixed point F* (ZF) having analogous 
Nielsen properties to those of a. 
$4. PRELIMINARIES 
In this section we state the definitions and results needed to prove the above stated 
theorems. They concern the Theory of Brouwer’s Translation Theorem; for proofs we refer 
to Brouwer, Sperner and Andrea. 
Let h: RZ+R2 be an orientation preserving fixed point free homeomorphism of the two- 
dimensional plane. 
DEFINITION 2.1. The set L c R2 is called aflow line if(i) h(L) = L; and (ii) L =f(R) where 
$ R-*R2 is an injective continuous function. 
DEFINITION 2.2. A simple compact arc a with initial point P and endpoint Q is called a 
translation arc if h(P) = Q and a n h(a) = {Q}. 
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PROPOSITION 2.3. If a is a translation arc then ‘G h”(a) is a flow line. (See [3, Satz 11, 
--co 
[S, Satz 121.) 
For us the crucial properties of flow lines are given by the following two propositions: 
PROPOSITION 2.4. Let f3 be any subarc of theflow line L and let P be an interior point of fi, 
then there exists an open set D c R2 with P E D and D n L = D n fl i.e. L is a proper subset of 
R2. (See [3, Satz 21, [S, Satz 111 or [l, Prop. 1.41 ) 
Notice that this does not mean that L is a closed subset of R2: 
In the following figure (Fig. 3) let h be defined by integrating the Reeb flow in the band 
0 I y _< 1 and by horizontal translations elsewhere. 
Here the closure of the flow line generated by the translation arc a contains the line 
y= 1. 
DEFINITION 2.5. Let J? denote the closure of the flow line L, 
of R2 - L is called a side domain if there exists an arc y with end point 
and y-P c X. 
a component IZ 
P such that P E L 
PROPOSITION 2.6. (i) A pow line L has precisely two side domains. 
(ii) Any arc joining a point of a side domain of L to a point in L-L, or in a different 
component of R2 -L has to, not just intersect L, but L as well. (See [ 1, Prop. 2.1, Prop. 2.41.) 
Hence, for example, the topologist’s sine curve can never be a flow line. (See Fig. 4.) 
Finally, we also need 
PROPOSITION 2.7. If B is any compact arc and /I n h(b) = 4, then /I n h”(B) = 4 for all n # 0. 
(See [S, Satz 71 or [l, Prop. 01.) 
R2 I Y=l 
__ 
Fig. 3 
Fig. 4. 
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53. PROOF OF THEOREM I 
Let D, denote the universal covering space of S - F - 9. It is convenient o embed DO in 
the open unit disk D c R2 by first embedding S-F -9 essentially (i.e. with injective xi) 
into a complete hyperbolic surface so that a neighborhood of F maps to a neighborhood of 
a cusp and W maps to a curve approaching the cusp; then lift to obtain an embedding of D, 
into D (see Fig. 5). 
By a well known theorem of Nielsen, the covering transformations and the liftings of 
hlS- F -9 to D,, can be extended to the closure, 6,, of D, in r% We will denote these 
extensions by the same letters. 
Let 2 be a boundary component of DO lying above the boundary component 8 and let K 
be the unique lifting of h 1 S-F - 9 which leaves 8 invariant. 
Assume Theorem I is false i.e. that F w a for hi S- 8. 
Then the Nielsen extension of li leaves fixed a point FE a& “lying above” F; namely the 
endpoint of a lifting, it, of W determined by a lifting, B, of the arc fi starting at a point of 8 
(Fig. 5). 
LEMMA 3.1. g(F?‘)n @‘=& 
ProoJ This follows immediately from the rotation condition (ii) of Definition 1.1, since 
then I? is a different lifting of W than /i( @‘). 
Hence there exists a covering transformation rO, different from the identity, such that 
t&F?‘) = p and, since g(p) = F we have r,(F) = P. 
LEMMA 3.2. r,g has no fixed points in DO and hence, since the set #‘is aflow line for t,,& 
m is proper by Proposition 2.4 above, and (by Proposition 2.6), has two side domains. 
Proof: If r,Khad a fixed point its projection into S-F - % would belong to 9 because 
~c can not leave 8 invariant. 
We now arrive at a contradiction by showing that pcannot have two distinct side domains, 
contradicting Lemma 3.2. 
In S-F -9, let R = S - 9 - r, where r now denotes the closure of W in S-F - 9. 
By hypothesis Q is a connected, dense, invariant subset of S - F - 9 which contains the 
boundary component a. 
Let fi t D, be the lifting of R determined by 8, i.e. &?I consists of the endpoints of lifted 
arcs, jj, starting at 8, where y c 0 is any compact arc starting at a; fi is open and connected. 
Fig. 5 
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The following facts are immediate: 
~~~, 
(iii) 
(iv) 
r(n) n IV= 4 for any covering transformation T. 
fi is invariant under K and R- ‘; since h induces the identity on II f (S - F - 9, a), so 
are the sets r(n) for any covering transformation r. 
u r(n) = b, due to the fact that Q is dense in S-F - 9; (here the union is taken 
over all covering transformations). 
Every r(n) intersects 8D,, in a point different from F; this is due to the fact that each 
r(a) contains a boundary component of D, lying over a. 
LEMMA 3.3. Either (a) K( l?)c I?- @ or (b) K--‘( I@) c I?‘- @ dr (c) both h’( k@ and 
Ii- ‘( I?‘) lie in the same side domain of m. (See Fig. 6, where case (a) is shown.) 
Proof: By Lemma 3.1 it is enough to show (c) or g( @) c I?’ or R- ‘( @‘) c I? Let P E @ 
and suppose F(P) E DO - %‘; by fact (iii) P lies in the closure of the set r(n) for some covering 
transformation r. Since this set is connected and by Lemma 3.2, @‘is proper, it follows from 
fact (i) that r(a) lies entirely in some side domain of fi, C-, say (see Fig. 6). If ME& 
- @then, since D, - I?is open, r(n) intersects the same component of DO - fi that K(P) lies 
in, which, since by fact (ii) r(n) is invariant under K, and by fact (i), has to be Z:-; hence 
~(P)EC-. But now, by Lemma 3.1 tnd Proposition 2.6 (ii), all of K( @‘) t C-. 
We have shown: either E( @‘) c @ or E( I?‘) c C-. 
By the same reasoning, since r(n) is also invariant under R-i, we have: either 
Ii- ‘( I?‘) c @f or F-‘( m c Z- and Lemma 3.3 follows. 
LEMMA 3.4. Every neighborhood of F intersects E- @ (Fig. 7.) 
Fig. 6. 
Fig. 7. 
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Proof: If not we have case (c) of Lemma 3.3; but this case is easily seen to be impossible 
if F had a neighborhood which did not intersect l%‘- l?? 
We have arrived at a contradiction: by fact (iii), the other side domain, Z+, of m has to 
contain a 7fi for some covering transformation 7, which is impossible by Lemma 3.4 and 
facts (i) and (iv) (see Fig. 7.). Hence F * ~3 for his-9 is false and Theorem I is proven. 
94. PROOF OF THEOREM II 
Without loss of generality assume that h sends both boundary components of B to the 
right. 
Let H denote the halfband to the left of a (a lifting of Cc to B) and set A = 6 h”(H). Notice 
n=O 
that h(A) = A and, since a n T(a) = $J we have A c T(A) and fi T”(A) = B. 
n=O 
LEMMA 4.1. If E A+A is topologically transitive, then A is dense in B. 
Proof: It suffices to show that 1= T(A)-A is meager in B because then, since 
fi T” (A)= B-A, by Baire’s Theorem, A will be dense in B. 
n=O 
Set t,= T”+l(H)- T”(H) and let p: B+A denote the covering map; we show 2 n t, is 
nowhere dense for all n 2 0, by proving that each p(A: n t,) c A lies in the complement of a 
non-empty, open subset of A, invariant under the topologically transitive map E A-A. 
Hence each p(;l n t.) and therefore each 2 n t, will be nowhere dense, which implies that 1 is 
meager. 
Define R, = A -(H u a) and R, = R, n 7”(Ro) for all n > 0 (see Fig. 8). 
a -- _- 
_- 
_- _- 
Fig. 8 
Since h(R,) c R, and h commutes with T, h(R,) c R, for all n 2 0, furthermore, a small 
open set at the intersection of a, = T”(a) and a will be contained in R, and hence R, # 4 (see 
Fig. 8.). 
Since the covering map p: B-A is an immersion the sets p(R,) c A will have a non- 
empty interior; they are also invariant under k A-A and so each p(R,) is dense in A. 
To prove p(R,) n p(;l n t,) = C#I we show T”(R,) n i n t, = cj for all integers m: if m 2 1, 
this is obvious by the definition of R, since then T”(R,) contains no points to the left of 
a “+r =T”+‘(a) where t, lies; if mI0, then T” (A) c A and since R, c A, Tm(Ro) c A 
i.e. Tm(R,) c A, which implies 7’“(R,) n A= 4 because by definition 1= T(A)-A. 
Proof of Theorem II. We show W= W(F) satisjies the hypothesis of Theorem I (see $1). 
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(a) If h is expanding on W, choose m so that F lies in the right hand half band 
determined by a, = T”(a) (Fig. 9); we observe a, r\ h(a,) = 4. With respect o a,,,, let A be the 
set constructed in Lemma 4.1; then An W=& because, if PEA n W, then for large 
positive n, h”-“(p) would lie to the left of a, whereas it also has to approach F, which is a 
contradiction. Since A is open and connected and, by Lemma 4.1, dense, W is nowhere 
dense and B - m is connected; also, since ~3 c A and A is open, m n 8 = I$. Hence W satisfies 
the hypothesis of Theorem I. 
(b) If h is contracting on W, find an arc a, such that F lies in the left hand half band of 
a,,,. Now apply Lemma 4.1 to h-’ and use the corresponding A as in case (a) to show that 
also in this case W satisfies the hypothesis of Theorem I, thus proving Theorem II. 
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